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Abstract
In this paper we study minimal algebraic surfaces with pg = q = 1,K
2 = 4 and nonhyperelliptic
Albanese fibrations of genus 4. We construct for the first time a family of such surfaces as complete
intersections of type (2, 3) in a P3-bundle over an elliptic curve. For the surfaces we construct
here, the direct image of the canonical sheaf under the Albanese map is decomposable (which is
a topological invariant property).
Moreover we prove that, all minimal surfaces with pg = q = 1,K
2 = 4 and nonhyperelliptic
Albanese fibrations of genus 4 such that the direct image of the canonical sheaf under the Albanese
map is decomposable are contained in our family. As a consequence, we show that these surfaces
constitute a 4-dimensional irreducible subset M of M4,4
1,1
, the Gieseker moduli space of minimal
surfaces with pg = q = 1,K
2 = g = 4. Moreover, the closure ofM is an irreducible component of
M4,4
1,1
.
1 Introduction
Minimal surfaces of general type with pg = q = 1 have attracted the interest of many authors
(e.g. [5–7, 10, 13, 19–22]). For these surfaces, by an inequality of Bombieri (cf. [3] Lemma 14) and
the Bogomolov-Miyaoka-Yau inequality one has 2 ≤ K2 ≤ 9. By results of Moˇıˇsezon [23], Kodaira
[15] and Bombieri [3], these surfaces belong to a finite number of families.
For such a surface S, the Albanese map f : S → B := Alb(S) is a fibration. Since the genus
g of a general fibre of f (cf. [10] Remark 1.1) and K2S are differentiable invariants, surfaces with
different g or K2 belong to different connected components of the Gieseker moduli space. Hence
we can write the Gieseker moduli space of minimal surfaces of general type with pg = q = 1 M1,1
as a disjoint union of its components ⊔K2,gM
K2,g
1,1 , where M
K2,g
1,1 corresponding to minimal surfaces
with pg = q = 1 and fixed (K
2, g). We call MK
2,g
1,1 the Gieseker moduli space of minimal surfaces of
general type with pg = q = 1 and fixed (K
2, g).
The case K2 = 2 has been accomplished by Catanese [5] and Horikawa [13] independently:
these surfaces have g = 2 and the moduli space is irreducible; the case K2 = 3 has been studied
completely by Catanese-Ciliberto [6, 7] and Catanese-Pignatelli [10]: these surfaces have g = 2 or
g = 3. Moreover, there are three irreducible connected components for surfaces with g = 2 and one
irreducible connected component for surfaces with g = 3.
In the case K2 = 4, Ishida [14] proved that g ≤ 4 if the general Albanese fibre is hyperelliptic.
Moreover, he also constructed such surfaces with g = 3, 4 (see [14]). For g = 2, there are many
This work has been supported by the NSFC (No. 11471020).
1
examples (e.g. see Catanese [8] Example 7,8 and Pignatelli [19]). In particular, Pignatelli [19] found
eight disjoint irreducible components of the moduli space under the assumption that the direct image
of the bicanonical sheaf under the Albanese map is a direct sum of three line bundles.
However, if the general Albanese fibre is nonhyperelliptic, we only know that g ≤ 6 if the direct
image of the canonical sheaf under the Albanese map is indecomposable (see Remark 4.5 (ii)). For
the case g = 3 there are many known examples (see e.g. [14, 20–22][18]). In particular, under the
assumption that direct image of the canonical sheaf under the Albanese map is decomposable, the
author [18] found two irreducible components of the moduli space, one of dimension 5 and the other
of dimension 4. But when g ≥ 4, as far as we know, no example is known.
In this paper, we study minimal algebraic surfaces with pg = q = 1,K
2 = 4 and genus 4
nonhyperelliptic Albanese fibrations.
In section 2, we construct for the first time a family of such surfaces. Motivated by the fact that
a canonical curve of genus 4 is a complete intersection of type (2, 3) in P3, we take the complete
intersection S of a relative hyperquadric Q and a relative hypercubic X in a P3- bundle over an
elliptic curve B. We prove that (cf. Theorem 2.1) for general choices of Q and X, S is a minimal
surface of general type with pg = q = 1,K
2 = 4 and a genus 4 nonhyperelliptic Albanese fibration.
If we only require that S has at most rational double points as singularities, then S is a canonical
surface with the required property (cf. Remark 2.8).
We remark (cf. Remark 2.8) that for all surfaces in our family, the direct image of canonical sheaf
V1 = f∗ωS is decomposable. By a result of Catanese-Ciliberto (cf. [6] Theorems 1.2 and 1.4), the
number of direct summands of V1 is a topological invariant. Hence it is also a deformation invariant.
In particular, “V1 is decomposable” is a deformation invariant condition.
One would ask naturally the following question: if S is a minimal surface with pg = q = 1,K
2 = 4
and a nonhyperelliptic genus 4 Albanese fibration such that V1 is decomposable, is S necessarily
contained in this family?
In section 3 and section 4, by studying the relative canonical algebra of the Albanese fibration, we
show that this is true (cf. Theorem 4.1). In particular, we see that under the assumption that “V1 is
decomposable”, the canonical model of S is always a complete intersection of a relative hyperquadric
and a relative hypercubic in P(V1).
As a consequence, we show that minimal surfaces with pg = q = 1,K
2 = 4 and a nonhyperelliptic
genus 4 Albanese fibration such that V1 is decomposable give a 4-dimensional irreducible subset M
in M4,41,1. Since “having a nonhyperelliptic Albanese fibration” is an open condition, the closure of
M is an irreducible component of M4,41,1.
Notation and conventions. Throughout this paper we work over the field C of complex num-
bers. Unless otherwise stated, S is a minimal surface of general type with pg = q = 1.
We denote by ΩS the sheaf of holomorphic 1-forms on S, by TS := HomOS(ΩS ,OS) the tangent
sheaf of S and by ωS := ∧
2ΩS the sheaf of holomorphic 2-forms on S. KS (or simply K if no
confusion) is the canonical divisor of S, i.e. ωS ∼= OS(KS). pg := h
0(ωS), q := h
0(ΩS). The Albanese
fibration of S is denoted by f : S → B := Alb(S). We denote by g the genus of a general fibre of f
(which is always called Albanese fibre) and set Vn := f∗ω
⊗n
S .
For an elliptic curve B, we denote by Ep(r, d) (p is a point on B) the unique indecomposable
rank r vector bundle over B with determinant det(Ep(r, d)) ∼= OB(d · p) (see Atiyah [1]).
We denote byM4,41,1 the Gieseker moduli space of surfaces of general type with pg = q = 1,K
2 = 4
and genus 4 Albanese fibrations. For divisors, we denote linear equivalence by ‘≡’ and numerical
equivalence by ‘∼num’.
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2 Constructing the family
In this section, we construct minimal surfaces with pg = q = 1,K
2 = g = 4 and nonhyperelliptic
Albanese fibrations as a complete intersection of a relative hyperquadric and a relative hypercubic
in a P3-bundle over an elliptic curve.
Let B be an elliptic curve. We fix a group structure of B, denote by 0 the neutral element and by
η a torsion point of order 3 on B (i.e. η 6= 0, 3η ≡ 3·0). Let N := OB(η−0) and let V := E[0](3, 1)⊕N
be the unique indecomposable rank 3 vector bundle over B with det(V ) = OB(0).
Let π : W := P(V ) → B be the P3-bundle over B. Denote by T be the tautological divisor of
W (i.e. π∗OW (T ) = V ) and by Hp the fibre of π over p ∈ B. The main result in this section is the
following
Theorem 2.1. Take a general member Q ∈ |2T + Hη − H0| and the unique effective divisor X ∈
|3T −Hτ |, where τ is a point on B satisfying τ ≡ 2 · 0− η. Then S := Q∩X is a (smooth) minimal
surface with pg = q = 1,K
2 = g = 4 and a nonhyperelliptic Albanese fibration.
First we prove that the surface S = Q ∩ X in Theorem 2.1 is smooth. In order to get global
relative coordinates on W = P(V ), we need to take a unramified triple covering.
Lemma 2.2 ( [12] Proposition 3.3). There exists an isogeny φ : B˜ → B such that φ∗N ∼= OB˜ and
φ∗E[0](3, 1) ∼= OB˜(0˜)⊕OB˜(a)⊕OB˜(b), where 0˜ is the neutral element of B˜ and φ
∗(0) = 0˜ + a+ b.
Now let V˜ := φ∗(V ) = OB˜(0˜) ⊕OB˜(a)⊕OB˜(b)⊕OB˜ . Then we have the following commutative
diagram:
W˜ := P(V˜ )
Φ
//
p˜i

W = P(V )
pi

B˜
φ
// B
where π˜ : W˜ → B˜ is the natural projection. Let T˜ := Φ∗T and H˜ := Φ∗H. The unramified triple
cover φ : B˜ → B induces an automorphism group G′ =< σ′ >∼= Z3 of B˜; similarly, the unramified
triple cover induces an automorphism group G =< σ >∼= Z3 on W˜ . Moreover we have G|B˜ = G
′.
Lemma 2.3. The linear system |2T +Hη −H0| on W is base point free.
Proof. Let x1 : OB˜(0˜) → V˜, x2 : OB˜(a) → V˜, x3 : OB˜(b) → V˜, x4 : OB˜ → V˜ be the global relative
coordinates on W˜ . Consider the linear system
∆ := {f = a1x
2
1+ a2x
2
2+ a3x
2
3 + a4x
2
4+ a5x1x2+ a6x2x3 + a7x3x1+ a8x1x4+ a9x2x4+ a10x3x4 = 0}
where a1 ∈ H
0(OB˜(2 · 0˜)⊗ φ
∗OB(η − 0)), a2 = σ
∗a1, a3 = σ
∗a2, a4 ∈ H
0(OB˜), a5 ∈ H
0(OB˜(0˜ + a)⊗
φ∗OB(η − 0)), a6 = σ
∗a5, a7 = σ
∗a6, a8 ∈ H
0(OB˜(0˜) ⊗ φ
∗OB(η − 0)), a9 = σ
∗a8, a10 = σ
∗a9. Note
that the action of G is: x1 7→ x2, x2 7→ x3, x3 7→ x1, x4 7→ ζx4, a4 7→ ζa4, where ζ is a primitive root
of degree 3. Hence ∆ is G-invariant and it is easy to see that ∆ = Φ∗|2T +Hη −H0|. Now it suffices
to show that ∆ is base point free.
If x4 6= 0, when a4 varies, ∆ has no base point.
If x4 = 0, then a1x
2
1+a2x
2
2+a3x
2
3 = 0. So we need to show that ∆
′ := ∆|{x4=0} has no base points
on {x4 = 0}. Note that {x4 = 0} is nothing but the P
2-bundle π˜′ : W˜ ′ := P(OB˜(0˜)⊕OB˜(a)⊕OB˜(b))→
3
B. Let π′ :W ′ := P(E[0](3, 1)) → B be the natural projection and let Φ
′ := Φ|W˜ ′ . Then we have the
following commutative diagram:
W˜ ′ ⊂ W˜
Φ′
//
p˜i′

W ′ ⊂W
pi′

B˜
φ
// B
Denote by T ′ (resp. H ′) the tautological divisor (resp. fibre) of W ′. Then we have T |W ′ =
T ′,H|W ′ = H
′ and thus ∆′ = (Φ′)∗|2T ′ +H ′η −H
′
0|. By [7] Theorem 1.18, |2T
′ +H ′η −H
′
0| is base
point free. Hence ∆′ is base point free.
Therefore ∆ is base point free and consequently |2T +Hη −H0| is base point free.
Lemma 2.4. X˜ := Φ∗X is an integral normal subvariety of W˜ , and its singular locus Sing(X˜) is
exactly the curve C : x1 = x2 = x3 = 0.
Proof. Note that X˜ ∈ |3T˜ − 3H˜0˜| and X˜ is defined by an equation of the form g = c1x
3
1 + c2x
3
2 +
c3x
3
3 + c4x1x2x3 = 0 (where c1, c2, c3, c4 ∈ H
0(φ∗N)) such that σ∗g = g. Since the action of σ∗ is:
x1 7→ x2, x2 7→ x3, x3 7→ x1 and s 7→ ζs for s ∈ H
0(φ∗N) (ζ is a primitive root of degree 3), we
see σ∗g = ζc1x
3
2 + ζc2x
3
3 + ζc3x
3
1 + ζc4x1x2x3. Hence c3 = ζc2 = ζ
2c1, c4 = 0 and X˜ is defined by
g = x31 + ζx
3
2 + ζ
2x33 = 0.
Since ( ∂g∂x1 ,
∂g
∂x2
, ∂g∂x3 ) = (3x
2
1, 3ζx
2
2, 3ζ
2x23), a point of X˜ is singular if and only if x1 = x2 = x3 = 0.
Hence the singular locus of X˜ is exactly the curve C := {x1 = x2 = x3 = 0}.
Since X˜ is regular in codimension 1 and defined by an irreducible equation in W˜ , X˜ is an integral
normal subvariety of W˜ .
Corollary 2.5. Let S = Q ∩X as in Theorem 2.1. Then S is a smooth surface.
Proof. By Lemma 2.3, ∆ is base point free. Note that a general member Q˜ := Φ∗Q ∈ ∆ does not
intersect with C = Sing(X˜). By Bertini’s Theorem, S˜ = Q˜ ∩ X˜ is smooth. Since Φ|S˜ : S˜ → S is a
unramified triple cover, we see that S = φ(S˜) is also smooth.
Now we calculate the numerical inariants of S.
Lemma 2.6. Let S be as in Theorem 2.1. Then we have h0(OS) = pg(S) = q(S) = 1 and K
2
S = 4.
Moreover S is a minimal surface.
Proof. Since KW = −4T +Hη, we see KS = (KW +Q+X)|S = T |S and K
2
S = T
2(3T −Hτ )(2T +
Hη −H0) = 4.
Consider the cohomology of the exact sequence
0→ OW (−T +H0 −Hη)→ OW (T )→ OQ(T )→ 0.
Since hi(OW (−T+H0−Hη)) = 0 for all i ≥ 0, we get h
0(OQ(T )) = h
0(OW (T )) = 1 and h
i(OQ(T )) =
hi(OW (T )) = 0 (i ≥ 1).
Take the cohomology of the exact sequence
0→ OW (KW )→ OW (−2T +Hτ )→ OQ(−2T +Hτ )→ 0.
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Since hi(OW (−2T + Hτ )) = 0 for all i ≥ 0, h
i(OW (KW )) = h
4−i(OW ) = 0 for i = 1, 2 and
hi(OW (KW )) = h
4−i(OW ) = 1 for i = 3, 4, we get h
0(OQ(−2T + Hτ )) = h
1(OQ(−2T + Hτ )) = 0
and h2(OQ(−2T +Hτ )) = h
3(OQ(−2T +Hτ )) = 1.
Now taking the cohomology groups of the exact sequence
0→ OQ(−2T +Hτ )→ OQ(T )→ OS(T )→ 0,
we get h0(OS(T )) = h
1(OS(T )) = h
2(OS(T )) = 1, i.e. pg(S) = q(S) = h
0(OS) = 1. Since S is
smooth, h0(OS) = 1 implies that S is irreducible.
Since |2T +Hη −H0| is base point free and 2T +Hη −H0 ∼num 2T , we see that T is nef. Hence
KS = T |S is nef and therefore S is minimal.
Lemma 2.7. The restriction map f := π|S : S → B is the Albanese fibration of S, whose general
fibres are nonhyperelliptic of genus 4.
Proof. Let F = H|S be a general fibre of f . Then we have KF = (KS + F )|F = (T +H)|F . Since
degKF = (T + H)QXH = 6, we get pa(F ) = 4. Since f is a morphism from a smooth complex
surface to a smooth complex curve, by the generic smoothness, F is smooth.
Since H1(T +H) = 0, we see |(T + 2H)||H ∼= |OH(1)|. In particular, the relative canonical map
of f is birational, hence F is nonhyperelliptic.
Now we show that F is connected. If F is not connected, by Stein factorization, f can be
factored as S
f ′
→ B′
υ
→ B, where f ′ : S → B′ has connected fibres and υ : B′ → B is finite of
degree m ≥ 2. Then we have F =
∑m
i=1 υ
∗Γi ∼num mυ
∗Γ, where Γi’s and Γ are fibres of f
′. Since
KSF = 6 = mKSυ
∗Γ and KSυ
∗Γ is even, we get m = 3 and KSυ
∗Γ = 2. Hence υ∗Γ is of genus 2 and
the relative canonical map of f cannot be birational, a contradiction. Therefore F is a connected.
Since F is smooth, it must be irreducible.
By the universal property of the Albanese map, we see that f is the Albanese fibration of S.
Combining Corollary 2.5, Lemma 2.6 and Lemma 2.7, we get Theorem 2.1.
Remark 2.8. (i) In fact, KS = T |S ( in Lemma 2.6) is ample: note that T is nef and the only
irreducible curve in W whose intersection number with T is zero is the curve Φ(C), where C =
{x1 = x2 = x3 = 0} is defined in Lemma 2.4. Since S ∩ C = ∅, we see that T |S is ample. In
particular, S′ has no (−1) or (−2) curves and it is a canonical surface. This is true for any choices
of Q ∈ |2T +Hη −H0| such that Q ∩X has at most rational double points as singularities.
(ii) From Lemma 2.7, it is easy to see V1 := f∗ωS = V . In particular, V1 is decomposable.
Definition 2.9. Notation B,V,W, T,H, η, τ are as before.
We define M ′ the family of (canonical) surfaces S′ obtained as a complete intersection S′ = Q∩X
with Q ∈ |2T + Hη − H0| and X ∈ |3T − Hτ | such that S
′ has at most rational double points as
singularities.
We define M the family of (minimal) surfaces S such that S is the minimal resolution of a surface
S′ ∈M ′.
We denote by M the image of M ′ in M4,41,1. By Theorem 2.1 M is not empty.
Lemma 2.10. M is a 4-dimensional irreducible subset of M4,41,1.
Proof. As in [20] Proposition 5.2, we first compute the dimension of the corresponding parameter
space, and then subtract the dimension of the general fibre of M →M ⊂M4,41,1.
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There is one parameter for the elliptic curve B. Since V = E[0](3, 1) ⊕ N is fixed, P(V ) is
determined by B. Since we have fixed the neutral element of B, only finitely many automorphisms
of B acting on our data. Similarly, for the automorphisms of P(V ), we only need to consider the
automorphisms of V .
Since dim |3T −Hτ | = 0, dim |2T +Hη −H0| = 5 and dimP(Aut(V )) = 2, we have
dimM = 1 + dim |2T +Hη −H0|+ dim |3T −Hτ | − dimP(Aut(V )) = 1 + 5 + 0− 2 = 4.
Remark 2.11. In Theorem 2.1, if we take different V , we would get some other examples.
(1) If we take η = 0, i.e. N ∼= OB, then τ = 0, Q ∈ |2T | and X ∈ |2T |. Since h
0(OW (T )) = 2
and h1(OW (T )) = 1, we get a family of minimal surfaces with K
2
S = 4, pg(S) = q(S) = 2 and genus
4 nonhyperelliptic fibrations (over an elliptic curve). By the same argument, we see the image of
this family in a 4-dimensional irreducible subset in M42,2, the moduli space of minimal surfaces with
pg = q = 2,K
2 = 4.
(ii) If we take V = E[0](3, d) ⊕ N (d ≥ 1) with N as in Theorem 2.1, Q ∈ |2T +Hη −H0| and
X ∈ |3T − ((d − 2)H0 + 2Hη)|. Then we have KS = T |S and thus K
2
S = T
2(2T + Hη −H0)(3T −
((d− 2)H0 + 2Hη)) = 4d. From the exact sequences
0→ OQ(−2T + (d− 2)H0 + 2Hη)→ OQ(T )→ OS(T )→ 0,
0→ OW (KW )→ OW (−2T + (d− 2)H0 + 2Hη)→ OQ(−2T + (d− 2)H0 + 2Hη)→ 0,
0→ OW (−T +H0 −Hη)→ OW (T )→ OQ(T )→ 0,
we get pg(S) = h
0(OS(T )) = d, q = h
1(OS(T )) = 1, h
0(OS) = h
2(OS(T )) = 1. By a similar
argument as before, one can show that a general S is a minimal surface.
Since q(S) = 1, f : S → B is the Albaense fibration of S. Hence we get a series of families of
minimal surfaces with pg = d, q = 1,K
2 = 4d = 4χ and genus 4 nonhyperelliptic Albanese fibrations.
Moreover, f∗ωS = V .
In the following sections, we prove that the converse of Theorem 2.1 is also true, i.e. the canonical
model of a minimal surface with pg = q = 1,K
2 = g = 4 and a nonhyperelliptic Albanese fibration
such that V1 = f∗ωS is a complete intersection of the form S = Q ∩X as in Theorem 2.1.
The proof depends heavily on studying the structure of the relative canonical algebra of the
Albanese fibration of S. First we recall some generalities on nonhyperelliptic fibrations of genus 4
that we shall use later. (see Catanese-Pignatelli [9] or Takahashi [24])
3 Some generalities on nonhyperelliptic fibrations of genus 4
Let f : S → B be a relatively minimal nonhyperelliptic fibration of genus g = 4. Let b = g(B)
be the genus of B. Define KS/B := KS − f
∗KB and ωS/B := OS(KS/B). Then K
2
S/B = K
2
S − 8(b −
1)(g − 1). Define further χ(S/B) := χ(OS)− (g − 1)(b− 1).
Let Vn := f∗ω
⊗n
S/B and let R(f) :=
⊕
n≥0 Vn be the relative canonical algebra of f . Denote by
µn,m : Vn ⊗ Vm → Vn+m, respectively by σn : S
n(V1) := Sym
n(V1)→ Vn the homomorphism induced
by multiplication. Set Ln := kerσn and Tn := coker σn.
Since we have assumed that the general fibre of f is nonhyperelliptic, by Max Noether’s theorem
on canonical curves, Tn is a torsion sheaf. Hence we have rankLn = rankS
n(V1) − rankVn and
6
degLn = degS
n(V1) − deg Vn + deg Tn. By [10] sections 2 and 3 we have rankS
n(V1) =
(n+3
n
)
,
degSn(V1) =
(
n+3
4
)
χ(S/B); rankVn = 3(2n − 1), deg Vn =
1
2n(n− 1)K
2
S/B + χ(S/B). In particular,
we have rankL2 = 1 and rankL3 = 5.
Now let π : P(V1) → B be the natural projective bundle over B and let w : S 99K P(V1) be the
relative canonical (rational) map of f . Let Σ := w(S) be the relative canonical image of S. Now we
give some relations between the structure of the relative canonical algebra R(f) and the geometry
of the relative canonical image Σ.
First we show that there is a (unique) relative hyperquadric Q ⊂ P(V1) that contains Σ.
3.1 The relative hyperquadric Q containing Σ
Since rankL2 = 1, L2 is a line bundle. The injection L2 →֒ S
2(V1) defines a section q ∈
H0(B,S2(V1)⊗L
−1
2 )
∼= H0(OP(V1)(2)⊗ π
∗L−12 ), and thus defines a relative hyperquadric Q ⊂ P(V1).
Note that Q contains Σ: if we restrict to a general fibre H ∼= P3 of π, Q|H is exactly the unique
hyperquadric in P3 that contains Σ|H (since for general H, Σ|H is a smooth nonhyperelliptic curve
of genus 4), hence Q contains a Zariski open subset of Σ. Since Q is a closed subvariety of P(V1), we
have Σ ⊂ Q.
When T2 = 0, we have the following lemma due to Takahashi and Konno (cf. [24] Lemma 1).
Lemma 3.1. If T2 = 0, then w : S → P(V1) is a morphism and R(f) is generated in degree 1. Hence
Σ is isomorphic to its relative canonical model. In particular, Σ has at most rational double points
as singularities.
Sketch of Takahashi’s proof. (i) |2KS + f
∗δ| is base point free for a sufficiently ample divisor δ on B,
hence T2 = 0 implies that |KF | is base point free for any fibre F of f .
(ii) Now we use a result of Konno (see [17] Corollary 1.2.3, let i = 0): assume that D is a curve
contained in a smooth surface which satisfies H0(D,−mKD) = 0 for any positive integer m and
h0(D,OD) = 1. Set g(D) := h
0(D,KD). If KD is generated by its global sections, then the maps
H0(D,KD)⊗H
0(D, (j − 1)KD)→ H
0(D, jKD)
are surjective for j ≥ 4, and also for j = 3 when g(D) ≥ 3.
Here let D = F . Then we have g(F ) = 4 and all conditions above are satisfied for F . Hence
H0(F,KF ) ⊗H
0(F, (j − 1)KF ) → H
0(F, jKF ) is surjective for j ≥ 3. Since F is arbitrary, we see
that σj is surjective for all j ≥ 3. Since moreover we have assumed that σ2 is surjective, we see that
R(f) is generated in degree 1 and consequently Σ is isomorphic to its relative canonical model.
Remark 3.2. (i) The above proof works for all (nonhyperelliptic) fibrations of genus g ≥ 3:
Let S be a minimal surface of general type (we need this condition to ensure that |2KS + f
∗δ| is
base point free for a sufficiently ample divisor δ on B) and let f : S → B be a fibration of genus
g ≥ 3. If σ2 : S
2(V1) → V2 is surjective, then R(f) is generated in degree 1 and Σ is isomorphic to
its relative canonical model.
(ii) Let S be a minimal surface of general type endowed with a fibration f : S → B. Then its
canonical model coincides with its relative canonical model except in the case where B ∼= P1 and f
has a (−2) curve mapped surjectively to B.
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3.2 Describing Σ as a divisor on Q
Recall that we have the following two exact sequences induced by multiplication
0→ L2
β2
→ S2(V1)
σ2→ V2 → T2 → 0 (3.1)
0→ L3
β3
→ S3(V1)
σ3→ V3 → T3 → 0 (3.2)
Tensoring the exact sequence (3.1) with V1 and using the definitions of µm,n σn, we get the
following commutative diagram
0 // L2 ⊗ V1
β2⊗id
// S2(V1)⊗ V1
σ2⊗id
//
γ

V2 ⊗ V1 //
µ2,1

T2 ⊗ V1 // 0
0 // L3
β3
// S3(V1)
σ3
// V3 // T3 // 0
where γ is the natural surjection in Sym(V1). Set h := γ ◦ (β2 ⊗ id) : L2 ⊗ V1 → S
3(V1). Since
σ3 ◦ h(L2 ⊗ V1) = µ2,1 ◦ (σ2 ⊗ id) ◦ (β2 ⊗ id)(L2 ⊗ V1) = 0, we see h(L2 ⊗ V1) ⊂ β3(L3). Hence the
map h factors through L3, i.e. there is a (unique) map j : L2 ⊗ V1 → L3 such that β3 ◦ j = h.
Lemma 3.3. j and h are injections.
Proof. First we show that j is generically injective. Taking a general point p ∈ B, the fibre Fp :=
f−1(p) is a smooth nonhyperelliptic curve of genus 4, and its canonical image F ′p is a complete
intersection of type (2, 3) in P3. Let I be the ideal sheaf of F ′p in P
3 and set In := I(n). Then the
restriction of j to the point p is exactly the map I2⊗H
0(F ′p,OF ′p(1))→ I3, which is injective. Hence
j is generically injective, and ker(j) is a torsion sheaf.
Since moreover ker(j) is a subsheaf of the locally free sheaf L2 ⊗ V1, it must be 0. Therefore j is
injective. Since h = β3 ◦ j and β3 and j are both injections, h is also an injection.
Taking the quotient of (3.2) by L2 ⊗ V1, we get the following exact sequence
0→ L3/(L2 ⊗ V1)
β3
→ S3(V1)/(L2 ⊗ V1)
σ3→ V3 → T3 → 0 (3.3)
Lemma 3.4. Let F be a coherent sheaf on a smooth irreducible curve C. Then we can write F =
Fl ⊕Ft, where Fl = F
∨∨ is a locally free sheaf and Ft is a torsion sheaf on C.
Proof. Let F∨ := Hom(F ,OC) be the dual sheaf of F . Then F
∨∨ is a locally free sheaf and there is
a natural map u : F → F∨∨.
Let p be a point on C and restrict u to p, we get u|p : Fp → F
∨∨
p . Since C is a smooth irreducible
curve, (OC)p is a principle ideal domain. Hence Fp can be written as a direct sum of free modules
and torsion modules, and the direct sum of such free modules are nothing but F∨∨p . In particular,
u|p is an surjection at each point p ∈ C and u|p is an isomorphism for a general point p ∈ C. Hence
u is surjective and ker(u) is a torsion sheaf.
Set Ft := ker(u). Then we have the following short exact sequence
0→ Ft → F → F
∨∨ → 0.
Since Ext1(F∨∨,Ft) ∼= H
1(C,Ft ⊗ F
∨) = 0 (the support of Ft ⊗ F
∨ is of dimension 0), we have
F = F∨∨ ⊕Ft.
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Now we write L3/(L2⊗V1) = L
′
3⊕T with T its torsion part, and write S
3(V1)/(L2⊗V1) = V˜3⊕T
′
with T ′ its torsion part. From the exact sequence (3.3), it is easy to see that T = T ′. Hence we get
the following exact sequence
0→ L′3
β3
→ V˜3
σ3→ V3 → T3 → 0. (3.4)
The injection L′3 →֒ V˜3 defines a section in H
0(B, V˜3 ⊗ (L
′
3)
−1) ∼= H0(Q,OQ(3) ⊗ π
∗
Q(L
′
3)
−1) (here
πQ := π|Q), hence defines a divisor Y on Q. As in section 3.1, it is easy to see that Y contains an
open subset of Σ, hence Y contains Σ.
Remark 3.5. As in [9] Theorem 2.5, we have Y = Σ:
Let H be a fibre of π : P(V1) → B. If Y ∩H is a curve, it has the same degree as Σ ∩H and it
contains Σ ∩H, hence they coincide. So, if Y 6= Σ, then there exists a fibre H such that H ∩ Y is a
component of H ∩Q.
If Q ∩ H = Y ∩ H, we get some torsion element in the cokernel of L3 → S
3(V1), which is a
subsheaf of the locally free sheaf V3, a contradiction. If Q ∩H 6= Y ∩H, then Q ∩H is the union of
two plans and Y ∩H is one of them. Since Y ∩H contains Σ ∩ H and Σ ∩H is a nondegenerate
curve in H ∼= P3, we get a contradiction. Therefore we have Y = Σ.
4 The case pg = q = 1 and K
2 = 4
Now we apply the general theories in section 3 to our case. We use the same notation as in section
3. Due to technical reasons, we assume further that V1 = f∗ωS(= f∗ωS/B) is decomposable. The
main theorem in this section is the following
Theorem 4.1. Let S be a minimal surface with pg = q = 1,K
2 = 4 and genus 4 nonhyperelliptic
Albanese fibration f : S → B = Alb(S) such that V1 = f∗ωS is decomposable. Then S is isomorphic
to a surface in the family M (cf. Definition 2.9).
From now on, we always assume the following condition:
(⋆) S is a minimal surface with pg = q = 1,K
2 = 4 and a genus 4 nonhyperelliptic Albanese
fibration f : S → B = Alb(S) such that V1 = f∗ωS is decomposable.
Since deg V1 = 1 and rankV1 = g, V1 has a unique decomposition into indecomposable vector
bundles V1 =
⊕k
i=1Wi with degW1 = 1 and degWi = 0,H
0(Wi) = 0 (2 ≤ i ≤ k) (cf. [6] p. 56).
Lemma 4.2. Under assumption (⋆) and up to a translation of B, we can assume V1 = E[0](3, 1)⊕N
with N a nontrivial torsion line bundle over B.
Proof. Since K2S/B = K
2
S = 4 and χ(S/B) = χ(OS)− (g − 1)(g(B) − 1) = 1, we see
K2
S/B
χ(S/B) = 4. By
[2] Theorem 2, the number k of direct summands of V1 is at most 2. Since we have assumed that V1
is decomposable, we have k = 2. Hence up to a translation of B, we can write V1 = E[0](3, 1) ⊕N
with N a degree 0 line bundle over B. By [10] Remark 2.10 and h0(N) = 0, we see that N is a
nontrivial torsion line bundle.
Lemma 4.3. Under assumption (⋆), we have degL2 = 0 and T2 = 0. Hence we have the following
short exact sequence
0→ L2
β2
→ S2(V1)
σ2→ V2 → 0 (4.1)
Moreover we have L2 ∼= N
⊗2.
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Proof. Recall that L2 is a line bundle with degL2 = degS
2(V1)−degV2+deg T2 = deg T2. Since β2 :
L2 → S
2(V1) is an injection, we have (see Appendix Lemma 5.5) slope(L2) ≤ maxslope(S
2(V1)) =
2
3 ,
where maxslope(S2(V1)) := max{slope(W )|W is a direct summand of S
2(V1)}. Since moreover
deg T2 ≥ 0, we get degL2 = deg T2 = 0.
Twisting the exact sequence (4.1) by N−2 and taking cohomology, we get
H1(L2 ⊗N
−2)
λ
→ H1(S2(V1)⊗N
−2)→ H1(V2 ⊗N
−2)→ 0.
By Riemann-Roch on B, we have
χ(V2 ⊗N
−2) = h0(V2 ⊗N
−2)− h1(V2 ⊗N
−2) = h0(OS(2K)⊗ f
∗N−2)− h1(V2 ⊗N
−2).
By Riemann-Roch on S, we have
χ(OS(2K)⊗ f
∗N−2) = h0(OS(2K)⊗ f
∗N−2) = χ(OS) +K
2
S = 5.
Hence we get h1(V2 ⊗N
−2) = 0 and consequently the map λ is surjective. Since
S2(V1)⊗N
−2 = S2(E[0](3, 1)) ⊗N
−2 ⊕ E[0](3, 1) ⊗N
−2 ⊕OB ,
by Lemma 5.1, we see h0(S2(V1)⊗N
−2) = h0(OB) = 1. Hence h
1(L2⊗N
−2) ≥ 1. Since moreover
rankL2 ⊗N
−2 = 1 and degL2 ⊗N
−2 = 0, we have L2 ⊗N
−2 ∼= OB , i.e. L2 ∼= N
⊗2.
The following corollary follows easily from Lemmas 3.1 and 4.3.
Corollary 4.4. Under condition (⋆), R(f) is generated in degree 1 and Σ is isomorphic to its
canonical model. In particular, Σ has at most rational double points as singularities.
Remark 4.5. (i) The proof of Lemma 4.3 can be applied to a more general case:
Let S be a minimal surface with pg = q = 1,K
2 = 4 and a nonhyperelliptic Albanese fibration
f : S → B = Alb(S) of genus g ≥ 4. Then we have T2 = 0, i.e. σ2 : S
2(V1)→ V2 is surjective.
Proof. By Lemma 4.2, we see that V1 is either indecomposable or is a direct sum of two inde-
composable vector bundles, hence maxslope(S2(V1)) =
2
g or
2
g−1 . In particular, we always have
maxslope(S2(V1)) ≤
2
g−1 . On the other hand, we have rankL2 = rankS
2(V1)− rankV2 =
(g−2)(g−3)
2
and degL2 = degS
2(V1) − deg V2 = deg T2 + g − 4. Since β2 is injective, we have slope(L2) =
2(deg T2+g−4)
(g−2)(g−3) ≤ maxslope(S
2(V1)) ≤
2
(g−1) . Therefore we get deg T2 = 0, i.e. T2 = 0.
(ii) Using a similar method, Catanese and Konno (cf. [16] Lemma 2.5) proved that: for minimal
surfaces with pg = q = 1,K
2 = 4 and nonhyperelliptic Albanese fibrations of genus g, if V1 is
semi-stable (which in our case is equivalent to “V1 is indecomposable” by Lemma 5.3), then g ≤ 6.
The proof is easy: since V1 is semi-stable, S
2(V1) is semi-stable. Hence we have slope(S
2(V1)) =
2
g ≤ slope(V2) =
K2+1
3(g−1) and consequently g ≤
6
5−K2
= 6. Unluckily, this proof does not work if V1 is
not semi-stable or K2 ≥ 5.
(iii) The exact sequence (4.1) splits and we have V2 = S
2(E[0](3, 2)) ⊕ E[0](3, 1) ⊗N :
From the proof of Lemma 4.3, we see that the map λ : H1(L2 ⊗ N
−2) → H1(N⊗2 ⊗ N−2) is
nonzero. Hence the composition map pr ◦ β2 : L2 → S
2(V1)→ N
⊗2 (where pr : S2(V1)→ N
⊗2 is the
natural projection) is nonzero. Since moreover L2 ∼= N
⊗2 is a line bundle, pr ◦β2 is an isomorphism.
Therefore the exact sequence (4.1) splits and V2 = S
2(E[0](3, 2)) ⊕ E[0](3, 1) ⊗N .
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By Lemma 3.3, we have two natural injections j : L2⊗V1 → L3 and h : L2⊗V1 → S
3(V1). Hence
we have the following two exact sequences
0→ L2 ⊗ V1 → L3 → coker(j)→ 0 (4.2)
0→ L2 ⊗ V1 → S
3(V1)→ coker(h)→ 0 (4.3)
Now we show
Lemma 4.6. Under assumption (⋆), the exact sequences (4.2) and (4.3) are splitting. In particular,
coker(j) and coker(h) are locally free sheaves.
Proof. It suffices to show that (4.3) is splitting: if (4.3) is splitting, then we have a map h′ : S3(V1)→
L2 ⊗ V1 such that h
′ ◦ h = id. Let j′ := h′ ◦ β3 : L3 → L2 ⊗ V1. Then we have j
′ ◦ j = h′ ◦ β3 ◦ j =
h′ ◦ h = id. Hence (4.2) is also splitting.
Now we show that (4.3) is splitting. Recall that we have the following commutative diagram (by
Corollary 4.4, σ3 is surjective):
0 // L2 ⊗ V1
β2⊗id
//
j

h
&&◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
◆
S2(V1)⊗ V1
σ2⊗id
//
γ

V2 ⊗ V1 //
µ2,1

0
0 // L3
β3
// S3(V1)
σ3
// V3 // 0
First we show that the surjection γ is splitting.
Note that
S2(V1)⊗ V1
= S2(E[0](3, 1)) ⊗ E[0](3, 1) ⊕ E[0](3, 1) ⊗N ⊗ E[0](3, 1) ⊕ S
2(E[0](3, 1)) ⊗N
⊕N⊗2 ⊗ E[0](3, 1) ⊕ E[0](3, 1) ⊗N
⊗2 ⊕N⊗3
S3(V1) = S
3(E[0](3, 1)) ⊕ S
2(E[0](3, 1)) ⊗N ⊕ E[0](3, 1) ⊗N
⊗2 ⊕N⊗3
By the definition of γ, we can decompose the surjection γ as γ1 ⊕ γ2 ⊕ γ3 ⊕ γ4, where
γ1 : S
2(E[0](3, 1)) ⊗ E[0](3, 1) ։ S
3(E[0](3, 1)),
γ2 : E[0](3, 1) ⊗N ⊗ E[0](3, 1) ⊕ S
2(E[0](3, 1)) ⊗N ։ S
2(E[0](3, 1)) ⊗N,
γ3 : N
⊗2 ⊗ E[0](3, 1) ⊕E[0](3, 1) ⊗N
⊗2
։ E[0](3, 1) ⊗N
⊗2,
γ4 : N
⊗3
։ N⊗3.
By [10] p. 1035, γ1 is splitting. Since moreover γ4 is an isomorphism, it suffices to show that γ2
and γ3 are splitting. By [10] p. 1035, we have
S2(E[0](3, 1)) = E[0](3, 2) ⊕ E[0](3, 2),
E[0](3, 1) ⊗ E[0](3, 1) = S
2(E[0](3, 1)) ⊕ E[0](3, 2).
In particular, each side of γ2 (resp. γ3) is a direct sum of E[0](3, 2)⊗N ’s (resp. E[0](3, 1)⊗N
⊗2’s).
By Lemma 5.2 and Corollary 5.4, γ2(E[0](3, 2) ⊗ N) (resp. γ3(E[0](3, 1) ⊗ N
⊗2)) is either 0 or one
direct summand of right side of γ2 (resp. γ3). Hence γ2 and γ3 are splitting.
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By Remark 4.5 (iii), the exact sequence (4.1) is splitting. In particular, we have h = γ ◦ (β2 ⊗
id) = γ3 ◦ (β2 ⊗ id). Since (β2 ⊗ id)(L2 ⊗ V1) ∼= L2 ⊗ V1 = E[0](3, 1) ⊗ N
⊗2 and h is injective,
h(L2 ⊗ V1) = γ3((β2 ⊗ id)(L2 ⊗ V1)) must be a direct summand E[0](3, 1) ⊗N
⊗2 of S3(V1).
Therefore the exact sequence (4.3) is splitting, and consequently (4.2) is also splitting.
Set L′3 := coker(j), V˜3 := coker(h). Then L
′
3 is a line bundle of degree 1 and
V˜3 = (
⊕
i=1,2
OB(0))⊕ (
8⊕
j=1
Mj(0))⊕ (
⊕
l=1,2
E[0](3, 2) ⊗N) (4.4)
where Mj are the line bundles with M
⊗3
j
∼= OB ,Mj ≇ OB .
Remark 4.7. (i) Here we can give another proof for Corollary 4.4 without using Lemma 3.1:
Since β′3 is an injection, by Lemma 5.5 we have slope(L
′
3) = 1 + deg T3 ≤ maxslope(V˜3) = 1.
Hence deg T3 = 0, i.e. T3 = 0. By a result of Cai (cf. [4]) R(f) is generated in degree ≤ 3. Therefore
R(f) is generated in degree 1.
(ii) From (i) we see degL′3 = 1 = maxslope(V˜3). By (4.4) and Lemma 5.2, we see that L
′
3
∼=
OB(0) or L
′
3
∼=Mi(0) for some 1 ≤ i ≤ 8.
Now we have the following short exact sequence
0→ L′3
β′
3→ V˜3
σ3→ V3 → 0. (4.5)
The injection β′3 defines a divisor Y in Q, which is nothing but Σ (see Remark 3.5).
Proposition 4.8. Σ is a complete intersection of type (2, 3) in P(V1).
Proof. Note that Σ ⊂ Q is a divisor defined by a section in
H0(Q,OQ(3) ⊗ π
∗
Q(L
′
3)
−1) ∼= H0(B, V˜3 ⊗ (L
′
3)
−1).
Since the exact sequence (4.3) is splitting, we see that the restriction map
H0(B,S3(V1)⊗ (L
′
3)
−1)→ H0(B, V˜3 ⊗ (L
′
3)
−1)
is surjective. Since moreover
H0(OP(V1)(3)⊗ π
∗(L′3)
−1) ∼= H0(B,S3(V1)⊗ (L
′
3)
−1),
we see
|OQ(3)⊗ π
∗
Q(L
′
3)
−1| ∼= |OP(V1)(3)⊗ π
∗(L′3)
−1|Q.
In particular Σ ∈ |OQ(3) ⊗ π
∗
Q(L
′
3)
−1| is the restriction of some divisor X ∈ |OP(V1)(3) ⊗ π
∗(L′3)
−1|
to Q, i.e. Σ = X ∩Q.
Lemma 4.9. N is a nontrivial torsion line bundle of order 3, i.e. N⊗3 ∼= OB , N ≇ OB.
Proof. Recall that we have the following commutative diagram
S
w
//
f
$$■
■
■
■
■
■
■
■
■
■
■
Σ ⊂ P(V1)
pi

B
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where w is the relative canonical map of f . Since w is base point free and Σ has at most rational
double points as singularities, we see w∗OΣ(T ) ∼= ωS ∼= w
∗ωΣ. Since Σ = Σ˜ ∩Q, we have
ωΣ = OΣ(KP(V1) +X +Q) = OΣ(T )⊗ π|
∗
Σ(N
−1(0)⊗ (L′3)
−1).
(Note ωP(V1)
∼= OP(V1)(−4T )⊗ π
∗N(0) and OP(V1)(Q+X) = OP(V1)(4T )⊗ π
∗(N−2 ⊗ (L′3)
−1).)
Hence we get π|∗Σ(N
−1(0) ⊗ (L′3)
−1) ∼= OΣ and consequently N
−1(0) ⊗ (L′3)
−1 ∼= OB , i.e. N ∼=
(L′3)
−1(0). By Remark 4.7 (ii) and the fact thatN ≇ OB , we see thatN ∼=Mi for some 1 ≤ i ≤ 8.
Combining Proposition 4.8 and Lemma 4.9, we get Theorem 4.1.
Corollary 4.10. Surfaces satisfying condition (⋆) give a 4-dimensional irreducible subset M (cf.
Definition 2.9) of M4,41,1. Moreover the closure M of M is an irreducible component of M
4,4
1,1.
Proof. By Theorem 4.1, surfaces satisfying condition (⋆) are in one to one correspondence with
surfaces in M . Hence their image in M4,41,1 is exactly M.
Note that pg, q,K
2, g are all deformation invariants. By [6] Theorems 1.2 and 1.4, “V1 is decom-
posable” is a topological invariant condition, hence it is also a deformation invariant condition. Since
moreover “the general Albanese fibre is nonhypereliptic” is an open condition, we see that condition
(⋆) is an open condition. Hence a small deformation of such a surface also satisfies condition (⋆).
Therefore M is an irreducible component of M4,41,1.
Remark 4.11. All the arguments in this section work for surfaces in Remark 2.11 (i). i.e. surfaces
S satisfying the following condition
(⋆⋆) S is a minimal surface with pg = q = 2,K
2 = 4 endowed with a genus 4 nonhyperelliptic
fibration f : S → B over an elliptic curve B such that V1 = f∗ωS is decomposable.
are in one to one correspondence with surfaces in the family in Remark 2.11.
In particular, these surfaces give a 4-dimensional irreducible subset in M42,2, the Gieseker moduli
space of minimal surfaces with pg = q = 2,K
2 = 4. (see [11] for more details about minimal surfaces
with pg = q = 2,K
2 = 4).
5 Appendix
In this appendix, we list some lemmas that we use in section 4. Here we always assume that V
and V ′ are two vector bundles over an elliptic curve B.
Lemma 5.1 (Atiyah [1] Lemma 15 and Theorem 5). If V is indecomposable, then h0(V ) = d if
d > 0; h0(V ) = 0 if d < 0; h0(V ) = 0 or 1 if d = 0. Moreover if d = 0, then h0(V ) = 1 if and only if
detV ∼= OB.
Lemma 5.2. If V and V ′ are both indecomposable and there is a nonzero map ξ : V → V ′, then
slope(V ) ≤ slope(V ′).
Proof. Since V and V ′ are indecomposable, if slope(V ) > slope(V ′), then each direct summand of
V ′ ⊗ V ∨ has slope slope(V ′) − slope(V ) < 0. In particular, each direct summand has degree < 0,
hence it has no nonzero global section by Lemma 5.1. Hence Hom(V, V ′) ∼= H0(V ′ ⊗ V ∨) = 0, a
contradiction. Therefore we have slope(V ) ≤ slope(V ′).
Lemma 5.3. If V is indecomposable, then it is semi-stable. If moreover (rankV,deg V ) = 1, then
V is stable.
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Proof. The first assertion follows easily from Lemma 5.2. Now assume further (rankV,deg V ) = 1.
Assume that V0 is subbundle of V with 0 < rankV0 < rankV . Since V is semi-stable, we have
slope(V0) =
deg V0
rankV0
≤ slope(V ) = deg VrankV . Since (rankV,deg V ) = 1, the inequality must be strict, i.e.
slope(V0) < slope(V ). Therefore V is stable.
Corollary 5.4. Conditions as in Lemma 5.2. If moreover rankV = rankV ′ = r,deg V = degV ′ = d
and (r, d) = 1, then ξ is an isomorphism.
Proof. By Lemma 5.3, V and V ′ are both stable. Since ξ(V ) is a nonzero subbundle of V ′, we have
slope(ξ(V )) ≤ slope(V ′) and equality holds if and only if ξ(V ) = V ′. On the other hand, since
ξ(V ) is a quotient bundle of V , we have slope(ξ(V )) ≥ slope(V ) an equality holds if and only if
ξ(V ) ∼= V . Since moreover slope(V ) = slope(V ′), we get slope(ξ(V )) = slope(V ) = slope(V ′). Hence
V ∼= ξ(V ) = V ′, i.e. ξ is an isomorphism.
Let V be a vector bundle over an elliptic curve B, we define
maxslope(V ) := max{slope(V i)|V i is a direct summand of V }.
Then we have
Lemma 5.5. Let V and V ′ be two vector bundles over an elliptic curve B. If there is an injection
ξ : V → V ′, then slope(V ) ≤ maxslope(V ) ≤ maxslope(V ′).
Proof. It is obvious that slope(V ) ≤ maxslope(V ). Assume V 1 to be an indecomposable direct
summand of V (possibly V 1 = V ) such that slope(V 1) = maxslope(V ). Then the restriction map
ξ|V 1 : V
1 → V ′ is nonzero. Hence there is an indecomposable direct summand (V ′)1 of V ′ such that
the composition map pr ◦ ξ|V 1 : V
1 → V ′ → (V ′)1 is nonzero, where pr : V ′ → (V ′)1 is the natural
projection. By Lemma 5.2, we have slope(V 1) ≤ slope((V ′)1). Hence maxslope(V ) = slope(V 1) ≤
slope((V ′)1) ≤ maxslope(V ′).
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